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Abstract: In-depth understanding of spectral properties of grounded Laplacian or 
Laplacian matrices is critical for the analysis of convergence speeds of dynamical 
processes over complex networks, such as opinion dynamics in social networks with 
stubborn agents. In this talk, we first discuss spectral properties of grounded Laplacian 
matrices for multiplex graphs and directed graphs. Lower and upper bounds for such 
eigenvalues are provided utilizing tools from nonnegative matrix theory. With the 
knowledge of the vertex corresponding to the smallest eigenvector component for the 
smallest eigenvalue, we discuss two cases when this eigenvalue can be increased via edge 
addition/deletion. Then we discuss undirected signed weighted graphs, and an algebraic 
necessary and sufficient condition for the positive semi-definiteness of signed Laplacian 
matrices with a simple zero eigenvalue is given. Furthermore, we establish the upper and 
lower bounds for the second smallest eigenvalue of the signed Laplacians when adding a 
negative edge to a pair of non-adjacent vertices and show that these bounds are tight. 
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